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Abstract
Several problems in the theory of finite permutation groups considered before by H. Wielandt are
attacked by new and traditional methods. One new method is given by the theorem that a semisimple
subgroup A of a group G normalizing a different subgroup B isomorphic to A forces that the cen-
tralizer in AB of B is non-trivial, hence B is not the generalized Fitting subgroup of its normalizer.
This theorem is applied in proving that the paired subconstituent GΔ
′(α)
α of a primitive permutation
group G is faithful if the non-trivial subconstituent GΔ(α)α is regular. If G
Δ(α)
α is a non-abelian sim-
ple group all of whose proper subgroups are solvable then the regularity of GΔ(α)α even implies that
G
Δ(α)
α is faithful. Also several theorems are obtained for the case that a non-trivial subconstituent
G
Δ(α)
α is nilpotent or, more generally, that Gαβ is subnormal in Gα for β ∈ Δ(α).
© 2005 Elsevier Inc. All rights reserved.
Keywords: Permutation group; Finite; Primitive; Orbital; Suborbit; Subconstituent; Paired; Regular; Faithful;
Subnormal subgroup; Simple group; Semisimple group; Generalized Fitting subgroup; Nilpotent; Graph;
Automorphism group; Edge-transitive; Sylow normalizer
There is a project under way to make the mathematical diaries of the late Professor
Helmut Wielandt [1910–2001] accessible to the mathematical public. These notebooks
contain much material, mostly about group theory, which has not been published or is only
partially available scattered in diverse publications of other authors. This project, entitled
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168 W. Knapp / Journal of Algebra 302 (2006) 167–185“Aufarbeitung des mathematischen Nachlasses von Helmut Wielandt” is supported by the
DFG (Deutsche Forschungsgemeinschaft = German Research Council).
Working on this project, I became aware again of some questions and theorems of
Wielandt which prompted the research leading to the results of this paper which give some
considerable improvements of several of Wielandt’s theorems and also of my own results
in [11].
One of Wielandt’s theorems (contained in diary 15 (3.2.1971–25.3.1978)) is the follow-
ing (using standard notation, see below):
Theorem W. Let G be a finite primitive permutation group having non-trivial paired nilpo-
tent subconstituents GΔ(α)α and GΔ
′(α)
α and let β ∈ Δ(α).
Then at least one of the pointwise stabilizers K(α) of the Gα-orbit Δ(α) and K ′(α)
of the paired Gα-orbit Δ′(α) has a length two Sylow tower (i.e. has a normal Sylow
p-subgroup whose factor group is a q-group for some prime numbers p and q); more-
over, the socles of Gα and Gαβ are p-groups, if neither K(α) nor K ′(α) is a primary
group.
Of course, in Theorem W the self-paired case Δ(α) = Δ′(α) is included.
Wielandt himself deduced Theorem W from another more general theorem about sub-
groups subnormal in two distinct maximal subgroups of an abstract group G. In these
abstract terms, Theorem W can be expressed correspondingly in the following a little bit
more general way.
If U and H are subgroups of a group G, denote by UH :=⋂{Ux | x ∈ H } the H -core
of U , i.e. the largest subgroup of U normalized by H (see also below for a slightly more
general notational concept).
Let A and B be distinct maximal subgroups of a finite group G such that for their in-
tersection D = A∩B , both factor groups A/DA and B/DB are nilpotent and DG = 1.
Then at least one of DA or DB has a length two Sylow tower, moreover the socles of
A, B and D are p-groups for a prime number p, if neither DA nor DB are primary
groups.
In the present paper we consider this abstract approach replacing the nilpotency condi-
tions by subnormality conditions on the subgroup D. In Section 2 of the paper we obtain
several much sharper and more general results than Theorem W, applicable to (primitive)
permutation groups or to connected simple graphs having an edge-transitive group of au-
tomorphisms. Two special consequences are the following theorems (see below for the
notions).
Theorem N. Let G be a permutation group acting primitively on a set Ω and let
Δ = (α,β)G be an orbital of (Ω,G) of length d = |Δ(α)| > 1 such that both paired sub-
constituents GΔ(α)α and GΔ
′(α)
α are nilpotent.
Then the pointwise stabilizers of Δ(α) and of Δ′(α) are p-groups for a prime number
p dividing d , Gα is the normalizer in G of a Sylow p-subgroup P of G and Gα/P is
nilpotent.
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Theorem G. Let Γ = (V Γ,EΓ ) be a connected simple graph (without loops) such that a
group G of automorphisms of Γ acts primitively on the vertex set VΓ , transitively on the
edge set EΓ and for any vertex ξ ∈ VΓ the vertex stabilizer Gξ acts transitively on the
set Γ (ξ) of neighbors of ξ in Γ such that the constituent GΓ (ξ)ξ is nilpotent.
For any ξ ∈ VΓ denote by G1ξ the largest subgroup of G fixing ξ and all neighbors of ξ
in Γ . Let {α,β} ∈ EΓ be an edge of Γ . Then the following hold:
(1) Gα is solvable and G1αG1β is a p-group for a prime number p. If G1α = 1 = G1β then
the socles of the vertex stabilizers Gα and the edge stabilizers G{α,β} are p-groups.
(2) Gα is the normalizer in G of a Sylow-subgroup of G. If G1α = 1 = G1β then Gα is the
normalizer of a Sylow p-subgroup for a uniquely determined prime number p.
Theorem G follows from Corollary 2 in Section 2.
It should be noted that A. Gardiner has proved another theorem inspired by Wielandt’s
ideas in [6, Theorem 2.1] which is partly related to some results in Section 2. Of course,
Wielandt’s methods accordingly lead to many results in [10].
Wielandt raised the following natural question in the context of Theorem W.
Question W. Let G be a transitive permutation group having a nilpotent subconstituent
G
Δ(α)
α . Is it possible that the paired subconstituent GΔ
′(α)
α is not nilpotent?
Wielandt did not consider any particular examples. In the case of a primitive permuta-
tion group G it is known that the answer to Question W is negative if GΔ(α)α is a p-group
(equivalently if the subdegree |Δ(α)| is a power of the prime p) or if the subconstituent
G
Δ(α)
α is abelian (see [11]) or if G has a regular normal subgroup (in this latter case all
non-trivial subconstituents being faithful). Of course, the question only makes sense for
non-self-paired orbitals Δ. In this paper the status of Question W must be left open, even
for primitive groups G.
A similar problem—considered before by Wielandt in [20]—is the following long-
standing conjecture based on work of Rietz and Weiss (see below for the terminology):
Conjecture R. Let G be a primitive permutation group G acting on a finite set Ω . Then a
regular subconstituent GΔ(α)α on a suborbit Δ(α) = {α} must be faithful.
Of course, this is a trivial fact if the corresponding orbital Δ is self-paired.
In [11] I have shown that Conjecture R is true if GΔ(α)α is solvable (or if Gα,β has a
non-trivial solvable normal subgroup for (α,β) ∈ Δ or if GΔ(α)α has no non-abelian simple
subgroups). The non-solvable case remained open in the sense that it was only known
that in the considered case Gα acted faithfully on Δ ◦ Δ′ where—adopting a notation due
to P. Cameron—Δ ◦ Δ′ = {(α, γ ) | α = γ and ∃β ∈ Ω such that (α,β) ∈ Δ,(γ,β) ∈ Δ};
note that |Δ ◦Δ′(α)| d(d − 1) if d = |Δ(α)| is the length of the orbital Δ.
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way in Theorem 8.
Theorem R. Let G be a primitive permutation group G acting on a finite set Ω . If the
G
Δ(α)
α is regular, then the paired subconstituent GΔ
′(α)
α is faithful.
Under additional assumptions more can be obtained. In particular, we prove the follow-
ing special case of Conjecture R in Theorem 10.
Theorem R#. Let G be a finite primitive permutation group G having a regular subcon-
stituent GΔ(α)α which is a non-abelian simple group all of whose proper subgroups are
solvable. Then GΔ(α)α is faithful.
However, the proof of Theorem R# relies in many respects on the classification of finite
simple groups and their maximal subgroups. Without the classification much less could be
shown. Note that besides using Schreier’s conjecture in this paper the classification is only
used in the proof of Theorem R#.
In view of the complicated arguments necessary in the proof of Theorem R# it seems
rather hopeless to prove Conjecture R also in the general case by global methods based on
the classification of finite simple groups.
For convenience, a direct product of non-abelian simple groups is called a semisimple
group in this paper. The main results in Section 3 depend on a subtle analysis of the ac-
tion of semisimple groups normalizing isomorphic semisimple groups. This is done in a
systematic way in Section 1. Here we use the validity of Schreier’s conjecture; also in this
respect the paper depends (in a mild way) on the classification of finite simple groups.
These basic results appear to be interesting for their own.
The following more technical theorem is the main tool for obtaining the new results in
Section 3, but also some minor results in Section 2 depend on it. It is obtained as Theorem 2
in Section 1 (for the definition of the generalized Fitting subgroup see below).
Theorem S. Let A and B be isomorphic semisimple subgroups of a finite group G such
that A normalizes B and A is not contained in B . Then the centralizer of B in AB is not
trivial. Consequently, B is not the generalized Fitting subgroup of its normalizer in G.
Let us call normalizers of semisimple groups local subgroups of characteristic 0; then
Theorem S gives some interesting insight into the subgroup structure given by a conjugacy
class of local subgroups of characteristic 0 in a finite group.
In the following we consider only finite groups. However, in most results it would only
be necessary to assume that the subgroups under consideration are finite. Global finite-
ness conditions could be avoided in many cases. Groups are written multiplicatively, using
standard notation. In particular, for a prime number p let Op(X) denote the largest normal
p-subgroup of a finite group X and let Op(X) denote the smallest normal subgroup N of
a finite group X such that X/N is a p-group. Similarly, let OS(X) denote the smallest
normal subgroup N of a finite group X such that X/N is solvable. Write X snY if X is a
subnormal subgroup of Y .
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NX(Y ) denotes the normalizer of Y in X. An analogous centralizer notation is used if Y
acts on X as a group of automorphisms. Also Z(X) denotes the center of a group X.
As usual, E(X) denotes the layer, i.e. the join of all quasisimple subnormal subgroups
of X, F(X) denotes the Fitting subgroup of X, i.e. the largest nilpotent normal sub-
group of X and F ∗(X) = E(X)F(X) denotes the generalized Fitting subgroup of X. By a
well-known theorem of Bender CX(F ∗(X)) = Z(F ∗(X)) holds, see [2, Theorem 31.13];
this is used in the proof of Theorem S. Recall that a finite group X is called strongly
p-constrained [10, Definition 1.1] if and only if CX(Op(X))Op(X). By Bender’s the-
orem X is strongly p-constrained if and only F ∗(X) = Op(X). For all these facts see
[2, Section 31 in Chapter 11].
If U is a subgroup of a group G and X is a subset of G then, following Wielandt
[21, p. 418], set UX :=⋂{Ux | x ∈ X}. Clearly, if X is a subgroup of G then UX is the
largest subgroup of U which is normalized by X; if X = XV is a union of left cosets of
a subgroup V then UX is normalized by V . Moreover, we have (UX)Y = UXY for subsets
X,Y of G.
Let G be a permutation group acting on a set Ω . We denote the action of G on Ω
by (α, g) 	→ αg . The orbits of G in Ω are denoted by αG. Also let Gα = {g | g ∈ G and
αg = α} denote the point stabilizer of α ∈ Ω . If Π is a subset of Ω then let GΠ• denote
the pointwise stabilizer in G of the set Π . We write also Gαβ instead of G{α,β}• and Gαβγ
instead of G{α,β,γ }• . If Π ⊆ Ω is invariant under G then let GΠ denote the constituent
of G on Π , i.e. the permutation group induced by G on Π . Clearly GΠ ∼= G/GΠ• .
If G acts transitively, the orbits of Gα on Ω are called the (α-)suborbits of (Ω,G) and
the orbits of G on Ω × Ω are called the orbitals. {(α,α) | α ∈ Ω} is called the diagonal
(or trivial) orbital. It is well known that the mapping Δ 	→ Δ(α) := {β | (α,β) ∈ Δ} of the
set of orbitals onto the set of α-suborbits is bijective such that Δ(αg) = Δ(α)g holds. The
constituents GΔ(α)α are called the subconstituents of G. The number d = |Δ(α)| is called
the subdegree of G with respect to the suborbit Δ(α) or the length of the orbital Δ.
If Δ is an orbital, then its mirror image Δ′ := {(α,β) | (β,α) ∈ Δ} is again an orbital,
the orbital paired with Δ; correspondingly GΔ
′(α)
α is called the subconstituent paired with
G
Δ(α)
α . Δ is called symmetric (or self-paired) if and only if Δ = Δ′; the same terminology
applies to suborbits and subconstituents.
1. Semisimple groups acting on semisimple groups
Recall that in this paper a finite group which is the direct product of non-abelian simple
groups is called semisimple.
For some of the main results of this paper it will be crucial to study the action of a
semisimple group A normalizing a semisimple group B which is isomorphic to A in some
detail. The theory developed here makes essential use of the validity of Schreier’s con-
jecture that the group of outer automorphisms of a finite simple group is solvable; in this
respect the results depend on the classification of finite simple groups. If one likes to be
independent on the classification, one has always to assume in addition that Schreier’s
conjecture holds for the non-abelian composition factors of the subgroups involved.
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Proposition 1. Let X = X1 × · · ·×Xr be a semisimple group with simple components Xk .
Then all normal subgroups N of X are direct products of a unique collection of the compo-
nents. Moreover X = N × CX(N) holds, so every normal subgroup of X is a direct factor
of X.
Proof. The assertion is an immediate consequence of the Krull–Remak–Schmidt theorem
for finite groups. 
For any group X denote by μ(X) the smallest degree of a faithful permutation rep-
resentation of X, and by τ(X) the smallest degree of a transitive faithful permutation
representation of X.
Proposition 2. Let X = X1 × · · ·×Xr be a semisimple group with simple components Xk .
Then μ(X) =∑rk=1 μ(Xk).
Proof. This is a special case of a theorem of Easdown–Praeger [5]. 
Remark. The proof of Proposition 2 is elementary and straightforward by induction with
respect to r . Technically, it is not much harder to prove that under the hypothesis of the
proposition τ(X) =∏rk=1 τ(Xk) =∏rk=1 μ(Xk) holds. But for this result the classification
of finite simple groups must be invoked since it is necessary to show that any finite non-
abelian simple group S has a “large” subgroup U , i.e. a subgroup U with |U | |S :U |.
Lemma 1. Let G = YX be a semidirect product of a non-abelian simple group X with a
perfect group Y acting faithfully on X as a group of automorphisms.
Then G = YX = C × X where C := CG(X) is a normal subgroup of G isomorphic
to Y ; Y is isomorphic to a subgroup Y0 of X by an isomorphism κ :y 	→ yκ of Y onto Y0
where xy = xyκ for all x ∈ X, so xy(yκ )−1 = x for all x ∈ X.
We have C = {y(yκ)−1 | y ∈ Y } and y 	→ y(yκ)−1 is an isomorphism of Y onto C.
N.B. Y is a diagonal subgroup of C × Y0.
Proof. Let C := CG(X). Then G/C corresponds to a group of automorphisms of X con-
taining XC/C = (X ×C)/C as the group of inner automorphisms of X.
Let κ :Y → Aut(X) :y 	→ yκ denote the action homomorphism of the semidirect prod-
uct. Since the group of outer automorphisms Out(X) = Aut(X)/ Inn(X) is solvable by the
classification of finite simple groups and Y is perfect by hypothesis Imκ is contained in
Inn(X) and we may adjust the notation so that κ denotes an isomorphism of Y onto a sub-
group Y0 of X such that xy = xyκ for all x ∈ X. All the claims of the assertion now easily
follow. 
Lemma 2. Let G = YX be a semidirect product of a non-abelian simple group X with a
semisimple group Y acting on X as a group of automorphisms.
Then G = YX = C ×X where C = CG(X) ∼= Y , hence G is semisimple.
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L acts faithfully on X. By Lemma 1 the assertion now easily follows since LX central-
izes K . 
N.B. We have C = {y(yκ)−1 | y ∈ Y } where κ is a homomorphism Y → X with ker-
nel K . Y0 = Imκ is a subgroup of X isomorphic to L via κ .
Lemma 3. Let W = Awrϕ G be a twisted wreath product such that A is a non-trivial
group, H is a subgroup of G with index |G : H | = r > 1 and ϕ :H → Aut(A) is a homo-
morphism.
Recall that (in the notation of Suzuki [19]) W is defined as the semidirect prod-
uct of G and B where B consists of all mappings b :G → A :x 	→ b(x) such that
b(xh) = b(x)h := b(x)hϕ with pointwise multiplication, and the (right) action of G on
B is given by (b,u) 	→ bu := (x 	→ bu(x) = b(ux)).
Then CB(G) = {b | b ∈ B and b(x) = b(1) ∈ CA(Hϕ) for all x ∈ G} ∼= CA(Hϕ).
Proof. If b ∈ CB(G) then bx(1) = b(x) = b(1) for all x ∈ G. Since b ∈ B we also must
have b(h) = b(1)hϕ = b(1) for all h ∈ H , hence b(1) ∈ CA(Hϕ). The assertion now easily
follows. 
Remark. If G is a transitive permutation group of degree r and H is a point stabilizer, we
get with the trivial homomorphism ϕ the case of a “natural” wreath product. If ϕ is the
trivial homomorphism we have CB(G) ∼= A by Lemma 3.
Theorem 1. Let G = AB be the semidirect product of a semisimple group A acting on
a semisimple group B = B1 × · · · × Br such that all simple components Bk are normal
subgroups of G.
Then G = AB = B × CG(B) with CG(B) ∼= A; in particular G is semisimple.
N.B. It is not claimed that A = CG(B); this would be a false assertion as easy examples
show, see Lemma 1.
Proof. It suffices to show that G = B × CG(B). Then CG(B) ∼= A follows.
If r = 1 then the theorem immediately follows from Lemma 2. Therefore suppose r > 1
and that the theorem is true for r − 1 instead of r .
Since G = AB is perfect we have by the validity of Schreier’s conjecture G = Br × C
where C = CG(Br). Of course, we have B ′ := B1×· · ·×Br−1  C. Let A′ := A∩C. Since
A is semisimple we have A = A′ × A′′ where A′′ ∼= AC/C represents the automorphism
group induced by A on Br . Consider the semidirect product A′′Br . By Lemma 2 we have
BrA
′′ = Br × Cr where Cr = CBrA′′(Br) C and Cr ∼= A′′.
Now consider the subgroup A˜ := 〈A′,Cr 〉 of C. We have Cr  BrA′′  CG(A′), hence
A˜ = A′ × Cr ∼= A′ ×A′′ ∼= A is semisimple.
We also have C0 := A˜B ′  C, and since C0Br  〈A′,Cr ,B ′,Br 〉  〈A,B〉 = G we
must have C0 = C. Since A˜ is semisimple we may consider C as a semidirect product
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obtain C = B ′ ×CC(B ′) where CC(B ′) ∼= A˜0. It now follows that G = Br ×C = Br ×B ′ ×
CC(B ′). This implies that CC(B ′) = CG(B) ∼= A ∼= A˜ = A˜0. The assertion follows. 
The following gives Theorem S of the introduction.
Theorem 2. Let A and B be isomorphic semisimple subgroups of a finite group G such
that ANG(B) and A  B .
Then CAB(B) = 1. Consequently, B is not the generalized Fitting subgroup of its nor-
malizer in G.
Proof. If B is the generalized Fitting subgroup of its normalizer N in G then by a funda-
mental theorem of Bender CN(B) = 1 (see [2, Theorem 31.13]). Hence it suffices to show
that CAB(B) = 1. Let G be a counterexample of minimal order to this latter assertion. Then
G = AB , and from CG(B) = 1 it follows that F ∗(G) = E(G) = soc(G) = B .
(i) First assume that there is a simple minimal normal subgroup B1 of G contained
in B . We then have B = B1 × B1 for a normal subgroup B1 of G. Since G is perfect
G = C1 ×B1 where C1 = CG(B1) by Lemma 1.
We consider the subgroup G1 := AB1 and set A1 := A ∩ C1 = CA(B1). Since A is
semisimple we have A = A1 ×A1 for a normal subgroup A1 of A.
If B1 A we necessarily have A1 = B1, hence A1 ∼= B1 by the Krull–Remak–Schmidt
theorem. Set A˜ := A1 in this case.
If B1  A it follows from Lemma 1 that G1 = A˜ × B1 where A˜ = CG1(B1) ∼= A and
A˜  C1. Also let C˜ := A˜B1  C1. Then C˜B1  〈B1,B1,A〉 = AB = G holds, and G =
C˜B1, C˜ = C1 = A˜B1 follows.
Let A′ be a normal subgroup of A˜ isomorphic to B1 (if B1 A we have A′ = A˜ = A1).






If A′  B1 then by minimality of G we have CC1(B1) = 1.
In both cases we get 1 = CC1(B1) = CG(B1) ∩ CG(B1) = CG(B). Therefore G has no
simple minimal normal subgroup.
(ii) Since A is semisimple we have A = A0 × A1 where A0 := A ∩ B and G is a
semidirect product of A1 with the normal subgroup B . Let A∗ be the kernel of the conju-
gation action of A1 on the set Σ of simple components of B . From Theorem 1 we infer
that A∗ ∼= CA∗B(B)  CG(B) = 1, hence A∗ = 1 and A1 acts faithfully on Σ such that
A0 = A ∩ B is centralized by the action of A1. The minimal normal subgroups of G cor-
respond exactly to the A1-orbits on Σ which all have length > 1 by the result of (i).
(iii) Let B = B1 × · · · × Bt be the decomposition of B as a product of minimal normal
subgroups of G, and let πk : B → Bk denote the canonical projections. Then A0 = A ∩ B
is a subdirect product of the groups Aπk0 which all have to be centralized by A1. Consider
the conjugation action of A1 on Bk for any k ∈ {1, . . . , t}. Then the group A1Bk/CA1(Bk)
is a twisted wreath product. From Lemma 3 it follows that Aπk0 is isomorphic to a sub-
group of X where Bk ∼= Xnk for the simple component X of Bk . Recall that μ(Y ) denotes
the minimal degree of a faithful permutation representation of a group Y . So we ob-
tain μ(Aπk ) 1 μ(Bk) 1μ(Bk). It follows that μ(A0) = μ(A ∩ B)∑t μ(Aπk )0 nk 5 k=1 0
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k=1 μ(Bk) = 15μ(B) by Proposition 2. Again from Proposition 2 it now follows that
μ(A1) = μ(A)−μ(A0) = μ(B)−μ(A0) 45μ(B).
Now let r = |Σ |. Then we have r  μ(A1) and μ(B) 5r , hence we get the contradic-
tion r  45 · 5r = 4r . The assertion of Theorem 2 now follows. 
2. Subnormal subgroup intersections and nilpotent subconstituents
We consider the following concept which generalizes the concept of a core-free maxi-
mal subgroup.
Definition. Let G be a group, A and U subgroups of G such that U AG.
• A is called normalizer-closed in G with respect to U if and only if A = NG(X) for all
1 = X A such that X U .
• A is called normalizer-closed in G if and only if A is normalizer-closed in G with
respect to A.
Easy but important examples are the following.
Let A be a maximal subgroup of a G and let U  A be core-free in G, i.e. UG = 1.
Then A is normalizer-closed in G with respect to U .
Note that U is core-free in G if and only if G acts faithfully on the set G : U = {Ux |
x ∈ G} of right cosets of G modulo U by multiplication from the right. Clearly A is
normalizer-closed in G with respect to U if and only if A is normalizer-closed in G with
respect to UA.
The main tools in this section are Wielandt’s normalizer theorems for subnormal sub-
groups. For convenience we recall his results. Note that a group is called quasisimple if
and only if it is perfect and the factor group modulo its center is simple. Therefore any
non-abelian simple group is quasisimple.
Proposition 3. Let X be a subnormal subgroup of a finite group G and let p be prime
number. Then the following hold.
(1) If X is quasisimple, then it centralizes every subnormal subgroup of G in which it is
not contained. Hence X normalizes every subnormal subgroup Y of G.
(2) Op(X) normalizes Op(Y ) for every subnormal subgroup Y of G.
(3) E(G)NG(X) and Op(G)NG(Op(X)).
(4) F ∗(G) normalizes every perfect subnormal subgroup of G.
Proof. This follows from [15, §12]. 
Theorem 3. Let A and B be subgroups of a group G such that D = A ∩ B is properly
contained in both A and B and that D = A∩B is subnormal in A. Suppose also that B is
normalizer-closed in G with respect to D. Then the following hold:
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(2) If F(A) = 1 then either DB = 1 or 1 = F ∗(DB) = E(DB) < F ∗(D) = F ∗(DA) =
F ∗(A) = E(A).
Proof. Suppose that DB = 1. Then NG(DB) = B and we have for all a ∈ A, DaB 








holds. It follows E(D) = E(A) = E(DA) B and we obtain (1).
If, in addition, F(A) = 1 then F ∗(A) = E(A) and 1 = F ∗(DB)  F ∗(D)  F ∗(A),
hence 1 = F ∗(DB) = E(DB)  F ∗(D) = F ∗(DA) = F ∗(A) = E(A) by assertion (1).
Since B is normalizer-closed in G with respect to D we must have F ∗(DB) < F ∗(D) =
F ∗(A), so assertion (2) follows. 
Theorem 4. Assume the hypothesis of Theorem 3 and suppose in addition that also A is
normalizer-closed in G with respect to D.
Then, if Op(A) = 1 for some prime number p either DB is a p-group or Op(B) =
Op(DB) <Op(D) = Op(DA) = Op(A).
Moreover, if DB = 1 and F(A) = 1 then F(A) = Op(A) for a unique prime number p.
Proof. Let Op(A) = 1 for some prime number p. Suppose that DB is not a p-group;
then Op(DB) = 1. As above we infer that for all a ∈ A, Op(DB)a  Da snA and
NA(Op(DB)a) = A ∩ Ba = Da . Therefore Op(D)  Op(A) ⋂a∈A NA(Op(DB)a) =
DA  A, hence Op(D)  Op(A)  Op(DA)  Op(D), and it follows that Op(A) =
Op(DA) = Op(D) = 1. However, since Op(B)Op(DA) is a p-group and Op(B) ∩ D 
Op(D) = Op(DA) we must have Op(B)  D, since otherwise NG(Op(DA))  A con-
trary to the assumption that A is normalizer-closed in G with respect to D. Hence
Op(B)  D and therefore Op(B) = Op(DB)  Op(D) = Op(DA) = Op(A). From
Op(B) = Op(D) we infer that Op(B) = Op(D) = Op(A) = 1, contrary to the assumption
Op(A) = 1. Hence Op(B) <Op(D) = Op(A) follows. The second part of the assertion is
a trivial consequence of the first part. 
Theorem 5. Assume the hypothesis of Theorem 4 and suppose in addition that F ∗(A) ∼=
F ∗(B).
Then DB is a p-group for a prime number p, and if DB = 1 then F(A) = Op(A) for a
unique prime number p.
Proof. Suppose that DB = 1. If F(A) = 1 then it follows from Theorem 3(1) that E(A) =
E(DA) = E(D) B , so F ∗(A) normalizes F ∗(B) = E(B). From Theorem 2 we infer that
in this case CF ∗(A)F ∗(B)(F ∗(B)) = 1, a contradiction against CB(F ∗(B)) = Z(E(B)) = 1
by Bender’s theorem.
Therefore we have Op(A) = 1 for some prime number p. From Theorem 4 the assertion
now directly follows. 
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are conjugate in G.
Theorem 6. Assume the hypothesis of Theorem 5 and suppose in addition that D = A∩B
is subnormal also in B .
Then DADB is a p-group for a prime number p, and if DA = 1 = DB then A, B and D
are strongly p-constrained.
Proof. From Theorem 5 it follows by symmetry of the hypothesis that DA and DB are
p-groups for a prime number p which is unique if DADB = 1. If DA = 1 = DB it more-
over follows from Theorem 3(1) that E(A) = E(DA) = E(D) = E(DB) = E(B), again
by symmetry of the hypothesis. Since A and B are normalizer-closed with respect to D
it follows E(A) = E(B) = 1, hence by Theorem 5 F ∗(A) = Op(A), F ∗(B) = Op(B),
F ∗(D) = Op(D) and the assertion follows. 
Theorem 7. Suppose that the group G has subgroups A and B such that for D = A ∩ B
the factor groups A/DA and B/DB are nilpotent, that D <A and D <B and that A and
B are normalizer-closed in G with respect to D. Then the following hold:
(1) A and B are solvable.
(2) DADB is a p-group for a prime number p.
(3) If DA = 1 = DB then A, B and D are strongly p-constrained and Op(D) = Op(A)∩
Op(B) <Op(A) and Op(D) = Op(A)∩Op(B) <Op(B).
(4) If, in addition, A is normalizer-closed in G then for some prime number p the subgroup
Op(A) = 1 is a Sylow p-subgroup of G and A is its normalizer in G.
If A and B are both normalizer-closed in G then DADB = 1 or A and B are conjugate
in G (as Sylow-normalizers).
Proof. Recall that OS(X) denotes the smallest normal subgroup N of a finite group X
such that X/N is solvable. From the hypothesis it follows that OS(DA) = OS(D) =
OS(DB). Since A and B are normalizer-closed in G with respect to D it follows that
OS(DA) = OS(D) = OS(DB) = 1, hence A and B are solvable. Assertion (1) fol-
lows, and (2) is now an immediate consequence of Theorem 5. The first part of asser-
tion (3) now follows from Theorem 6. Clearly Op(D) = Op(A) ∩ Op(B) holds since
D = A ∩ B is subnormal in A and in B . In case Op(D) = Op(A) we would have
Op(D) = Op(A) = DA < Op(B), hence either Op(A) = Op(D) = Op(B) = 1 (a con-
tradiction) or Op(A) = Op(D) = Op(B) ∩ D < Op(B) giving NG(Op(A))  A, hence
Op(D) <Op(A) and, by symmetry, Op(D) <Op(B) follows.
Now let A be normalizer-closed in G. If DA = 1 then clearly A is the normalizer in G
of any of its Sylow subgroups and the first part of assertion (4) trivially holds. If DA = 1,
then DA is a p-group by assertion (2) and again the first part of assertion (4) follows. The
second part of assertion (4) is obtained by a symmetry argument in view of assertion (3)
which guarantees that the prime number p is unique. 
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Δ = (α,β)G be an orbital of (Ω,G) of length d = |Δ(α)| > 1 such that both paired sub-
constituents GΔ(α)α and GΔ
′(α)
α are nilpotent.
Then GΔ(α)•GΔ′(α)• is a p-group for a prime number p dividing d , and Gα is the
normalizer in G of a Sylow p-subgroup of G.
Proof. Recall that GΓ (α)• = G({α}∪Γ (α))• for any orbital Γ since Gα is a maximal sub-
group of G by the primitivity assumption. Set A = Gα,B = Gβ and D = A ∩ B = Gαβ .
According to the hypothesis, A and B are core-free maximal subgroups of G and we have
DA = GΔ(α)• and DB = GΔ′(β)• . The assertion now immediately follows from Theorem 7
except the claim that p divides d . However, if DA = 1 = DB then p  d = |A : D| = |B : D|
gives Op(A) = Op(D) = Op(B) 〈A,B〉 = G, hence Op(A) = Op(B) = 1, a contradic-
tion against Theorem 7. 
Remark. Theorem 7 and Corollary 1 improve Wielandt’s Theorem W given in the intro-
duction considerably. Corollary 1 easily gives Theorem N of the introduction.
Corollary 2. Let Γ = (V Γ,EΓ ) be a connected simple graph (without loops) such that a
group G of automorphisms of Γ acts transitively on the edge set EΓ and locally transitive
nilpotent on the vertex set VΓ , i.e. for any vertex ξ ∈ VΓ the vertex stabilizer Gξ acts
transitively on the set Γ (ξ) of neighbors of ξ in Γ such that the constituent GΓ (ξ)ξ is
nilpotent.
Assume further that the vertex stabilizers Gξ are normalizer-closed in G.
For any ξ ∈ VΓ denote by G1ξ the largest subgroup of G fixing ξ and all neighbors of ξ
in Γ . Let {α,β} ∈ EΓ be an edge of Γ . Then the following hold:
(1) G = 〈Gα,Gβ〉 and either G is vertex-transitive or G has two orbits on VΓ . G is
vertex-transitive if and only if there exists a g ∈ G interchanging α and β .
(2) Gα and Gβ are solvable and G1αG1β is a p-group for a prime number p. If G1α = 1 =
G1β then (all) the vertex stabilizers Gα,Gβ and the edge stabilizers G{α,β} are strongly
p-constrained.
(3) Gα and Gβ are normalizers in G of Sylow-subgroups of G. If G1α = 1 = G1β then
Gα and Gβ are normalizers of Sylow p-subgroups for a uniquely determined prime
number p.
Remarks.
• If G acts primitively and faithfully on each of its orbits in VΓ then the vertex stabiliz-
ers of G are normalizer-closed in G.
• Assertion (1) of Corollary 2 is, of course, the particular instance of a widely known
more general fact.
• Corollary 2 gives Theorem G of the introduction as an obvious special case.
W. Knapp / Journal of Algebra 302 (2006) 167–185 179Proof. Since Γ is connected and Gξ acts transitively on Γ (ξ) for any ξ ∈ VΓ we must
have G = 〈Gα,Gβ〉 and either G is vertex-transitive or G has exactly two orbits αG and
βG on VΓ . Clearly αG = βG = VΓ holds if there exists a g ∈ G interchanging α and β .
However, if αG = βG = VΓ then Δ := (α,β)G and Δ′ := (β,α)G are the two paired
orbitals of (V Γ,G) determined by Γ and G such that Γ = {{ξ, η} | (ξ, η) ∈ Δ} = {{ξ, η} |
(η, ξ) ∈ Δ′}. Moreover, Δ(ξ) ∪ Δ′(ξ) is the set of the neighbors in Γ of the vertex ξ .
Since, by hypothesis, Gξ acts transitively on the set Γ (ξ) of neighbors in Γ we must have
Δ(ξ) = Δ′(ξ). This means Δ = Δ′ which implies that there is a g ∈ G interchanging α
and β . Assertion (1) now completely follows.
(2) and (3) now essentially follow from Theorem 7 with A = Gα , B = Gβ , DA = G1α ,
DB = G1β . Only one extra argument is necessary for the claim that G{α,β} is strongly
p-constrained if G1α = 1 = G1β . From Theorem 7 we can only infer that F ∗(Gαβ) =
Op(Gαβ). However, Gαβ is a normal subgroup of G{α,β} with index at most 2. If Gαβ =
G{α,β} nothing more has to be shown. Suppose therefore that |G{α,β} : Gαβ | = 2 and that
F ∗(G{α,β}) = Op(G{α,β}). Then F ∗(G{α,β})  Gαβ and we obtain that p is odd and that
F ∗(G{α,β}) = Op(Gαβ) × Z where Z is a subgroup of the center of G{α,β} of order 2.
Moreover, G{α,β} = Gαβ × Z and z ∈ Z \ {1} interchanges α and β , hence Z  Gα and
Z  Gβ . But z centralizes the subgroups G1α = DA and G1β = DB whose normalizers in
G are A = Gα and B = Gβ respectively, a contradiction. 
3. Primitive permutation groups with a regular subconstituent
Instead of the hypothesis suggested by the title of this section we consider a slightly
more general setting contained in the statement of the following theorem. Note that it gives
Theorem R of the introduction as a special case.
Theorem 8. Let G be a primitive permutation group acting on a finite set Ω and let Δ =
(α,β)G be a non-diagonal orbital of (Ω,G) such that Gαβ is a subnormal subgroup of
Gα and F(GΔ(α)αβ ) = 1.
Then the paired subconstituent GΔ
′(α)
α is faithful, i.e. GΔ′(α)• = 1.
In particular, GΔ
′(α)
α is faithful if GΔ(α)α is regular.
N.B. If GΔ(α)α is regular then Gαβ is normal in Gα and even GΔ(α)αβ = 1. Recall that
GΓ (α)• = G({α}∪Γ (α))• for any orbital Γ of G since G is primitive.
Proof. We have (α,β) ∈ Δ. For ξ ∈ Ω let K(ξ) := GΔ(ξ)• and K ′(ξ) := GΔ′(ξ)• . Suppose
that K ′(α) = 1.
Then Gαβ = 1 and from [11] it follows that F ∗(Gαβ) = E(Gαβ) = soc(Gαβ) = 1
is semisimple, since F(Gαβ) = 1. Therefore K ′(β) is not solvable and so OS(K ′(β))
is a non-trivial perfect subnormal subgroup of Gα . By Proposition 3(4) the subgroup
F ∗(Gα) = F(Gα)E(Gα) normalizes OS(K ′(β)), hence F ∗(Gα) (Gαβ)Gα = K(α) and
it follows that F ∗(Gα) = F ∗(Gαβ) is semisimple. However, since F ∗(Gα)  Gαβ , the
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against Theorem 2. Therefore K ′(α) = 1. 
It remains an open question whether non-faithful regular subconstituents exist in prim-
itive permutation groups. On the other hand, faithful regular subconstituents are abundant.
We show in the following that in special situations there is a chance to prove the faithful-
ness also of non-solvable regular subconstituents. As an interesting example we consider
the case that GΔ(α)α is a non-abelian simple group acting regularly on the suborbit Δ(α).
In this case the subconstituent GΔ(α)α is also quasiprimitive. Therefore it is no surprise that
the possible structure of Gα can be determined to some extent.
Theorem 9. Let G be a primitive permutation group acting on a finite set Ω and let Δ =
(α,β)G be a non-diagonal orbital of (Ω,G). Let β ′ ∈ Δ′(α) and suppose that X = GΔ(α)α
is a non-abelian simple group acting regularly on Δ(α). If Gαβ = 1 then the following
hold:
Gα = Gαβ ×C(α) where C(α) = CG(Gαβ) ∼= X and F ∗(Gα) = F ∗(Gαβ)×C(α). We
have Gβ ′αβ = Gαβ ′ ∩ Gαβ = 1 and Gαβ is isomorphic to a subgroup U of C(α) ∼= X
such that U × Gαβ = UGαβ ′ holds. In particular, Gαβ is isomorphic to a subgroup U of
C(α) ∼= X such that F ∗(U) = E(U) = soc(U).
Proof. We use the notation of Theorem 8. By Theorem 8 we have K ′(β) = GΔ′(β)• = 1.
Suppose that F ∗(Gα)  Gαβ . Then F ∗(Gα) = F ∗(Gαβ) normalizes its conjugate sub-
group F ∗(Gβ). Moreover, F ∗(Gα) is semisimple, according to [11]. Again Theorem 2
gives a contradiction. Therefore F ∗(Gα)  Gαβ and we infer that there exists a minimal
normal subgroup C(α) of Gα not contained in Gαβ . Since Gα/Gαβ ∼= X is simple it fol-
lows that C(α) ∼= X is non-abelian simple. Since Gαβ Gα and F ∗(Gαβ) = soc(Gαβ) we
conclude that Gα = C(α) × Gαβ and that C(α) = CG(Gαβ), Gαβ = CG(C(α)). Canoni-
cally, we have C(αg) = C(α)g = CG(Gαgβg ) for any g ∈ G.
Consider the group H := 〈C(α),C(β)〉. From C(α)  Gα and C(β)Gα = C(β)C(α)
we infer that H is normalized by Gα . Moreover, H  Gα since C(β)  Gαβ because of
K ′(β) = 1. Hence G = GαH and we see that H is a transitive (normal) subgroup of G.
Since H is transitive, its centralizer CG(H) is semiregular on Ω .
Now let γ ∈ Δ(β). Then Gαβγ = Gαβ ∩ Gβγ is centralized by C(α)and by C(β),
therefore Gαβγ  CG(H)β = 1. Immediately it follows that Gαβ ∼= GαβGβγ /Gβγ 
Gβ/Gβγ ∼= GΔ(β)β is isomorphic to a subgroup of X.
Set U := GαβGβγ ∩C(β). Then U ∼= Gαβ ∼= Gβγ induces the same group of automor-
phisms of C(β) as Gαβ does. Shifting the notation from (α,β, γ ) to (β ′, α,β) now yields
all parts of the assertion. 
Even more can be said if we assume in addition that X has no proper non-solvable
subgroups. Note that by Thompson’s theorem about N-groups such a simple group X is
either isomorphic to L2(2r ) for a prime number r , to L2(3r ) for an odd prime number r ,
to L2(p) for an odd prime number p > 3 such that p2 ≡ 1 (mod 5), to Sz(2r ) = 2B2(2r )
for an odd prime number r or to L3(3), see [7, p. 474]. However, the following theorem
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Theorem R# of the introduction.
Theorem 10. Let the hypothesis of Theorem 9 be given. Assume, in addition, that GΔ(α)α =
X is minimal non-solvable. Then Gαβ = 1, i.e. GΔ(α)α is faithful.
Proof. Suppose that the hypothesis of Theorem 9 is given with X minimal non-solvable
and that Gαβ = 1 holds. We use the notation introduced in Theorem 9 and its proof.
(i) Gαβ ∼= X and Gα = C(α) × Gαβ ∼= X × X. Also Gαβ ′ is a diagonal subgroup of
C(α)×Gαβ .
• In the assertion of Theorem 9 under the additional assumption necessarily Gαβ ∼= U ∼=
X ∼= C(α) holds which easily gives assertion (i).
(ii) If N is a minimal normal subgroup of G then C(α)N .
• Assume that C(α)  N . Then C(α) ∩ N = 1 since C(α) is simple. Since Gα has
a non-faithful subconstituent N does not act regularly on Ω . Therefore we must have
1 = Nα  CG(C(α)) = Gαβ , thus Nα = Gαβ is non-abelian simple. The diagonal subgroup
Gβ ′α cannot be conjugate in G to the subgroup Nα = Gαβ of the normal subgroup N ,
a contradiction.
(iii) G is a non-abelian simple group.
• Otherwise let N be a minimal normal subgroup of G and suppose that N = G. In view
of (i) and (ii) G = T wrϕ Gαβ must be a twisted wreath product of Gαβ with a non-abelian
simple group T containing a subgroup isomorphic to X. Moreover, N is not simple and
X ∼= Nα = C(α) = CG(Gαβ) which is a certain subgroup of a full diagonal subgroup of N ,
see Lemma 3.
Let N ∼= T r . If X ∼= T then G must be of product type in the O’Nan Scott classification,
see [15]. But this contradicts the known structure of Nα ∼= X. Therefore we must have
X ∼= T , hence G is of diagonal type in the O’Nan Scott classification. It follows that G =
T wrϕ X is a twisted wreath product of X = Gαβ with T given by the “trivial twist”, i.e. ϕ is
the trivial group homomorphism of X1 into Aut(T ) where X1 denotes the normalizer in X
of a fixed simple component of N . For getting a contradiction it remains to check that a
diagonal subgroup D(= Gαβ ′) of Nα ×Gαβ does not centralize a subgroup of N conjugate
to Nα . This is readily done using Suzuki’s description of twisted wreath products: The
according computation shows that the centralizer of a diagonal subgroup is isomorphic to
the center of X1 (which is in fact cyclic, but we do not need this deep result of [13]), hence
not isomorphic to X.
(iv) G cannot be isomorphic to one of the known simple groups.
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subgroup Gα ∼= X × X. Among the non-abelian simple groups whose non-local maximal
subgroups are listed completely in the ATLAS G = G2(4) is the only possible group,
in this case X = Alt5 ∼= L2(4); but the corresponding representation of G = G2(4) as a
primitive permutation group does not have a suborbit of length 60, as can be checked
by computation, e.g., with GAP, see [3]. Since the non-local maximal subgroups of all
sporadic simple groups can be found in the ATLAS this argument also shows that G cannot
be a sporadic simple group; it also follows that G is not isomorphic to Tits’ simple group
2F4(2)′. From [14] it follows that G cannot be isomorphic to an alternating group.
By the classification of finite simple groups it remains to consider the various possible
cases that G is isomorphic to a simple group of Lie type.
• First of all we consider the case that G is a classical group, hence of Lie type
An,Bn,Cn,Dn or twisted type 2An, 2Dn.
We argue that G cannot have a maximal subgroup Gα ∼= X × X: Let G˜ denote the
universal Chevalley group related to the adjoint group G = G(q), acting on the stan-
dard module V over Fq and let H be the inverse image in G˜ of the maximal subgroup
Gα ∼= X ×X. Then H acts irreducibly on V . (Otherwise, the group H would leave invari-
ant a proper subspace of V which is either totally singular or non-degenerate in the case
of a classical group leaving a sesquilinear or quadratic form invariant, hence H would be
contained in a parabolic subgroup of the Chevalley group G = G(q) or contained in a max-
imal reductive subgroup determined by an orthogonal decomposition into non-degenerate
subspaces. Hence H in the first case would be a parabolic subgroup of G = G(q); the
second case is also impossible since H ∼= X ×X is a maximal subgroup of G = G(q).)
The kernel Z = Z(G˜) of the canonical epimorphism G˜ → G is a cyclic group of order
prime to q . Let H1 denote the inverse image in G˜ of Gαβ and let H2 denote the inverse
image in G˜ of C(α). Then H1 and H2 are direct products of quasisimple covers of X
with cyclic p′-groups and H = H1 ◦ H2 is a central product. Since H = H1 ◦ H2 is an
irreducible maximal subgroup of the (universal) classical group G˜ we infer that X must be
a group of Lie type defined over Fq (H stabilizes a non-trivial tensor decomposition of V ),
see [1,9]. Appealing to Thompson’s theorem mentioned above and to the structure of the
maximal subgroups of G determined as stabilizers of a tensor product decomposition of V
according to [1,9] now gives a contradiction.
• Next let G be non-classical, but twisted classical of type 3D4 or 2B2.
It follows from [8,18] that G does not have a maximal subgroup of the required struc-
ture.
• Finally let G be of exceptional Lie type, untwisted or twisted, i.e. of one of the types
G2, F4, E6, E7, E8, 2E6, 2G2, or 2F4.
Then it follows from [16,17] that G can possibly have a maximal subgroup H isomor-
phic to X ×X only in some very few cases:
(a) G ∼= G2(q) for q = 2r and X ∼= L2(q), H being a reductive subgroup of maximal
rank;
(b) G = E7(pr), X = L2(pr) where p > 3 and F ∗(H) ∼= X ×X.
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L2(pr)×L2(pr) have structure PGL2(pr)×L2(pr) which excludes this possibility.
Hence it suffices to consider the case (a) and we assume that G = G2(q) for q = 2r and
X ∼= L2(q), Gα = H ∼= X × X a reductive subgroup of maximal rank where r is a prime
number. (By the computation mentioned above we know that r = 2 is impossible; but the
following argument will exclude also this smallest case.)
From [4,17] we infer that G has exactly one conjugacy class HG of reductive maximal
subgroups of maximal Lie rank 2 with non-simple socle.
The standard module V over Fq for G has dimension 6 and the natural action of G
on V leaves a non-degenerate symplectic form on V invariant. G acts primitively on the
set of non-degenerate 2-subspaces (respectively 4-subspaces), H being the stabilizer in G
of a non-degenerate 2-subspace W . More precisely, the description of H in [4] yields the
following information.
Let H2 := CG(W) be the pointwise stabilizer of W in G and let H1 := CG(H2); then
H = H1 × H2 ∼= L2(q) × L2(q). H (and therefore H1) acts non-trivially on W since oth-
erwise H would be contained in a parabolic subgroup of G, see [4]. Thus H (as well as
H1) induces the group L2(q) = Sp2(q) on W .
The group H1 also acts non-trivially on W⊥. Otherwise H1 ∼= L2(q) would fix
W⊥ = W1 ⊥ W2 pointwise where the Wk are non-degenerate 2-subspaces; since all non-
degenerate 2-subspaces of V are conjugate under G there would exist two distinct conju-
gate subgroups Hx11 ,H
x2
1 contained in H2 = CG(H1) ∼= H1, a contradiction. Consequently
H = H1 ×H2 acts faithfully on W⊥.
From [4] it follows that H does not leave invariant a 1-subspace of V nor a totally
isotropic 2-subspace of V . Moreover, since G acts primitively on the set Ω of all non-
degenerate 2-subspaces of V , the point stabilizer H = GW does not leave invariant a non-
degenerate 2-subspace of W⊥. Consequently H must act irreducibly on the non-degenerate
symplectic space W⊥. It follows that W⊥ = W1 ⊗W2 holds for 2-subspaces Wk which are
absolutely irreducible FqHk-submodules; of course, all irreducible FqHk-submodules of
W⊥ are pairwise isomorphic (k = 1,2).
By hypothesis, the point stabilizer H = GW has a regular non self-paired orbit Δ(W)
in Ω of size |L2(q)| = q(q2 − 1) consisting necessarily of absolutely irreducible FqHk-
submodules for some k ∈ {1,2} where Hk is the pointwise stabilizer of Δ(W). Since W⊥ is
H -invariant all elements of Δ(W) are contained either in W⊥ or in V \W⊥. W⊥ can con-
tain at most (q4 − 1)/(q2 − 1) = q2 + 1 pairwise disjoint 2-subspaces; therefore⋃Δ(W)
cannot be contained in W⊥. Hence
⋃
Δ(W) is contained in V \ W⊥. But in this case
every element of Δ(W) would be an FqHk-module complement in V of W⊥. From the
following Proposition 4 we infer that necessarily k = 1 and with m = 2 we must have
q(q2 − 1) q2 − 1, an obvious contradiction.
Assertion (iv) and—by the classification of finite simple groups—also the assertion of
the theorem now follow. 
Proposition 4. Let q be a prime power and let H be a finite group and let V be a finite
dimensional FqH -module which decomposes into a direct sum V = V0 ⊕ V1 of FqH -
submodules such that V0 is absolutely irreducible.
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the number of those summands in a direct decomposition of the socle of V1 into irreducible
FqH -submodules which are isomorphic to V0.
Proof. If U is an FqH -submodule of V such that V = U ⊕ V1 then U = Uθ := {v +
vθ | v ∈ V0} for a unique FqH -homomorphism θ ∈ HomFqH (V0, socV1). Moreover, the
mapping θ 	→ Uθ is injective, since the equations
vπ + vπθ1 = v + vθ2 for all v ∈ V0(
where π ∈ SymV0 and θ1, θ2 ∈ HomFqH (V0, socV1)
)
imply that
vπ − v = vθ2 − vπθ1 ∈ V0 ∩ V1 = {0},
hence vπ = v and θ1 = θ2.
It follows that θ 	→ Uθ induces a bijection between HomFqH (V0, socV1) and the
set of all FqH -module complements of V1 in V (of course, V0 = U0 holds). Since
Hom(V0, socV1) ∼=∏k∈I Hom(V0,Xk) where socV1 =⊕k∈I Xk is a decomposition into
irreducible FqH -submodules, the assertion now easily follows from Schur’s lemma. 
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